Abstract. We consider a conjecture of Bley and Burns which relates the epsilon constant of the equivariant Artin L-function of a Galois extension of number fields to certain natural algebraic invariants. For an odd prime number p, we describe an algorithm which either proves the conjecture for all degree 2p dihedral extensions of the rational numbers or finds a counterexample. We apply this to show the conjecture for all degree 6 dihedral extensions of Q. The correctness of the algorithm follows from a finiteness property of the conjecture which we prove in full generality.
Introduction
Let L/K be a Galois extension of number fields with Galois group G. In [5] , Bley and Burns conjectured an equality in the relative algebraic K-group K 0 (Z[G], R) involving the epsilon constant of the equivariant Artin L-function of the extension, an equivariant discriminant and certain local terms coming frométale cohomology. This conjecture fits into the general framework of the equivariant Tamagawa number conjectures of Burns and Flach [7] : it can be shown to express the compatibility of the equivariant Tamagawa number conjectures for (h 0 (Spec(L)), Z[G]) and (h 0 (Spec(L))(1), Z [G] ) with the functional equation of the equivariant Artin Lfunction of L/K. It is also known to be a strong refinement of the second Chinburg conjecture.
The conjecture is known in some cases. In [5] it is shown to be valid for extensions that are at most tamely ramified and for abelian extensions of Q with odd conductor. However, for non-abelian wildly ramified extensions very little is known. Bley and Burns considered certain dihedral extensions of Q where the conjecture follows easily from the cases mentioned above, and Snaith showed it in [16] for some degree 8 quaternion extensions of Q. In [3] , Bley developed an algorithm that can demonstrate the validity of the conjecture for certain abelian extensions L/K, but hitherto the implementation of this algorithm only gave numerical evidence rather than a complete proof.
This paper now establishes the conjecture for a natural class of non-abelian, possibly wildly ramified extensions. 
(Q[H]) ×+ → ζ(Q[G])
×+ via the isomorphism given by the reduced norm). We also need these groups with Q replaced by Q c (an algebraic closure of Q) or Q l or R, Z replaced by Z l , etc.
If K is a number field, we write S f (K) for the set of finite places of K. The completion of K at v ∈ S f (K) is denoted by K v and the residue characteristic of v by l (v) . Also S l (K) is the set of places above the rational prime l, and more generally if L/K is an extension of number fields and v ∈ S f (K), then S v (L) is the set of places of L above v.
The conjecture. Now let L/K be a Galois extension of number fields with group G. For each v ∈ S f (K) we fix a place w ∈ S v (L) with corresponding embedding i w : L → L w . The decomposition group of w is denoted by G w and identified with Gal(L w /K v ). Let S be a finite subset of S f (K), containing the places which ramify in L/K. For each v ∈ S, we choose a full projective Z l (v) [G w ]-sublattice L w of O Lw which is contained in a sufficiently high power of the maximal ideal, such that exp(L w ) is defined. Let L denote the full projective Z[G]-sublattice of L which, at each prime l, has l-adic completion (1) L l = (
To state the conjecture, we need the following invariants: 
This conjecture is independent of the choices of S and L [5, Remark 4.2 (iii)] and will be denoted by C(L/K). We also consider its l-components under the decom-
The conjecture expressed in local terms. Note that the left-hand side of Conjecture 2.1 contains essentially global objects. We now want to show that C l (L/K) has an equivalent version which only involves terms coming from the completions at primes above l. To do this we must introduce some notation related to local extensions. Let E/F be a Galois extension of l-adic fields with Galois group Γ. We denote by Σ(E) the set of all embeddings E → Q c l , and we define a
We write τ (Q l , ψ) for the local Galois Gauss sum of a character ψ of Gal(Q c l /Q l ) (for the definition and basic properties of local Galois Gauss sums see [11, II. §4] ). For a finite extension F of Q l the induction map from characters of Gal(Q F . Finally, Irr(Γ) denotes the set of irreducible characters of the finite group Γ. We define the equivariant local Galois Gauss sum of E/F by
From now on we fix an embedding k :
× by k. Using the formula for Galois action on Galois Gauss sums [11, II. Theorem 5.1], it is easy to see that∂
If L is a full projective Z l [Γ]-sublattice of O E which is contained in a sufficiently high power of the maximal ideal, we define
Here τ L/K is the equivariant global Galois Gauss sum defined in [5, equation (12) ]. The definitions of H L and ρ L will be recalled below. Next we observe that for
Qp Kv (χ| Gw )), and thus the induction formula before [5, Proposition 7.3] 
Proof. Let p be the residue characteristic of v. We can factorize i 
. From the definition of the maps it follows directly that ι
The formula for the Galois action on local Galois Gauss sums (cf. [ 
Combining this equality with [5, Lemma 4.5], we see that the right-hand side of (2) is equal to
We now use the following Lemma 2. (5) . It then immediately follows that the expressions (5) and (6) are equal if and only if one has
This concludes the proof of the theorem.
Lemma 2.4. With the notation as above, one has an equality
Here the upper horizontal map is
The vertical maps are defined as follows. The left one is the canonical isomorphism
To define the right vertical map, we first note that there is an isomorphism of
is the embedding corresponding to the place w. Using this isomorphism, the map on the right-hand side is
By explicitly comparing definitions, one verifies that the diagram is commutative. Recall that by (1) we have an isomorphism of
A finiteness property of the conjecture. From Theorem 2.2 and a well-known finiteness property of p-adic fields we can now easily deduce the finiteness result Theorem 1.2.
Proof of Theorem 1.2. Fix a prime l. For each v ∈ S l (K) we let R v be a set of representatives of isomorphism classes of Galois extensions
if and only if (8) 
Note that equality (7) is equivalent to the validity of C l (L/K) by Theorem 2.2.
Since there are only finitely many different extensions E L,v ∈ R v and for each of these extensions only finitely many possible embeddings Gal(E L,v /K v ) → G, there are only finitely many different sums of the form (8) . This shows that if C l (L/K) is true for a set of extensions L/K with Gal(L/K) ∼ = G that contains enough extensions to obtain all sums in (8) that come from global extensions, then
Hence there exist finitely many extensions 
Relative K-groups of dihedral group rings
For any finite group G we write
. In this section we study this torsion subgroup in the case G = D n , the dihedral group of order 2n, with n odd. D n has a unique cyclic subgroup of order n, which we denote by C n . The main result of this section is Theorem 3.1. Let n be an odd integer. Then the restriction map on the torsion part of the relative K 0 -group 
Cn ), i.e. we have reduced the conjecture to a cyclic extension. A second application is to Burns' T Ω(L/K, 0)-conjecture [6] . One can show that
, Q) tors if and only if the strong Stark conjecture holds for the extension L/K [6, Theorem 2.2.4], and for dihedral extensions where this is known to be true, Theorem 3.1 again gives a reduction step to cyclic extensions. This also shows that Bley's algorithm in [2] can be used to obtain evidence for the T Ω(L/K, 0)-conjecture for certain dihedral extensions. This is particularly interesting since, at the moment, very little evidence exists for this conjecture in non-abelian extensions.
Outline of the proof. For any group G we have the natural isomorphism
and the restriction map respects this decomposition. Theorem 3.1 therefore follows from the next proposition.
Proposition 3.2.
(1) Let n be an odd integer.
Let n be an odd integer and p an odd prime number. Then
The first part of this proposition is known (cf. [5, Lemma 8.2] ), but for completeness we will include a proof. For any prime number p and any finite group G recall the following part of the exact localization sequence of K-theory
To compute these groups, we need an explicit description of the Wedderburn decomposition of Q p [G] . We then use the isomorphism
induced by the reduced norm and compute the image of
) is in general difficult to describe, but for the cyclic group C n it can be done using congruences, and for the dihedral group we can give a characterization of
× which suffices for our purposes. We then compute the restriction map res :
Preliminaries. We introduce the following notation. For each positive integer n, we fix a primitive n-th root of unity ζ n and set ω n := ζ n + ζ −1 n . Then Q(ζ n ) has ring of integers Z[ζ n ], and Q(ω n ) is the maximal real subfield of Q(ζ n ) and has ring of integers
Lemma 3.3. For every i ∈ Z there exist (uniquely determined) polynomials
Proof. This follows easily by induction on i, using ζ 2 n − ω n ζ n + 1 = 0.
Recall the following part of representation theory (cf. [15, section 12.2] ). Let G be a finite group and let V i be the distinct irreducible representations of G over Q.
), the ring of n i ×n i -matrices with entries in the opposite ring of S i . The maps 
We will always use this isomorphism as an identification. The commutative Q- 
, we see that the relations of Lemma 3.5 hold with all
From the above decomposition of Q p [C n ] we derive the following description of the relevant K 1 -groups:
Rational representations of dihedral groups. Now we consider D n = r, s : r n = 1, s 2 = 1, srs = r −1 , the dihedral group of order 2n. Here it is important to assume that n is odd. More details on the rational representations of dihedral groups can be found in [8, (7. 
Note that 2Tr
. We obtain the following decomposition of Q[D n ].
Lemma 3.7. Let n be an odd integer. Then the map
Again, we will always use this isomorphism as an identification. Define a map ρ 1 : D n → M 2 (Q(ω 1 )) by (10) with d = 1 and where in addition we restrict i to the range 0 ≤ i ≤ n − 1. We remark that this map is not a homomorphism.
If we set
; thus all summands in (11) can be written in a unified form. 
The next lemma is an easy consequence of Lemma 3.7.
Lemma 3.8. Let n be an odd integer. For
A = (α,α, (A d ) d|n,d>2 ) ∈ Z p × Z p × d|n,d>2 M 2 (Z p ⊗ Z[ω d ]) = M p write A 1 = α α −α 0α . Then A belongs to Z p [D n ] if
and only if the congruences
From the above decomposition of Q p [D n ] we derive the following description of the relevant K 1 -groups:
The restriction map for the K 1 -group. We now consider C n as a subgroup of D n = r, s : r n = 1, s 2 = 1, srs = r −1 and take r to be the fixed generator of C n .
Lemma 3.9. Let n be an odd integer and p any prime number. Then the restriction map
Proof. A preimage of (α,α, (a d ) d|n,d>2 ) under the reduced norm is given by
We can therefore treat each component separately. With respect to the Q p -basis
is mapped to the same matrix considered as a matrix
The restriction map for the relative K 0 -group. We now apply the preparations to obtain some results about the injectivity and surjectivity of the map res :
Remark 3.10. Note that the map res :
is never injective. For odd n this follows easily from Lemma 3.9 and for even n it can be shown in a similar manner. Thus in Proposition 3.2 it is essential to restrict to the torsion subgroup. 
Proof of Proposition 3.2. Part 1. Let a
× . By Lemma 3.9, res(a) = (a 1 , (a d ) d|n,d>2 ) with a 1 = αα; thus by Lemma 3.5 
where for the last congruence we used (12) and Corollary 3.6. Since 2 is invertible in Z p , this proves the proposition.
n. Note, however, that for even n the map res :
For any prime p and positive integer n, it can be shown that the restriction map res :
tors is surjective if and only if either p n, n = p or n = 2p.
An algorithm for certain dihedral extensions
Let p be an odd prime number and let D p be the dihedral group of order 2p. In this section we describe an algorithm which either proves Conjecture 2.1 for all D p -extensions of Q or finds a counterexample. We then discuss our implementation of this algorithm and apply it to prove Theorem 1.1. Hence we can assume that L has a unique prime above p and that the completion of L at this prime is therefore itself a D p -extension of Q p . Let K be the quadratic subfield of L . As explained at the beginning of section 3,
The completion of L /K at the unique primes above p is one of the local extensions E/F found in step 1, and Theorem 2.
where L/K is the extension constructed in step 2 and C p (L/K) was shown to be valid in step 3.
We now describe each step of the algorithm in more detail.
Step 1. The first step is the classification of all D p -extensions of Q p . By a result of Fröhlich (cf. [11, Exercise 7] ) this can be done as follows.
If F/Q p is a quadratic extension and E/F a cyclic extension of degree p with
Conversely every D p -extension of Q p arises in this way.
For any local field F we write p F for the maximal ideal and U (i)
F for the i-th principal units (i > 0). Let µ i denote the group of i-th roots of unity. As
Qp and U
p has three subgroups of index 2. The three corresponding quadratic extensions are the unramified quadratic extension, the quadratic extension contained in Q p (ζ p ) and a ramified quadratic extension not contained in Q p (ζ p ). 
Qp under this decomposition. We have (U (1)
Qp ). One easily sees that this quotient has order p;
is the unique subgroup of the type we want. Case 2: Here F = Q p (π) with π = √ −p and π is a prime of F . For p = 3,
Qp under this decomposition. We have (U (2)
Q3 ) which is isomorphic to Z/3Z × Z/3Z. Hence there are four subgroups of the type we want (invariance under Gal(F/Q p ) is easily checked).
Qp under this decomposition. We have (U
which has order p. Hence there exists a unique subgroup M of the type we want.
Case 3: Here F = Q p (π) with π = −pζ p−1 and π is a prime of F . Also
F and we have (U
F . We can now proceed as in the p ≥ 5 part of case 2.
We will see that Proposition 4.3 contains all necessary information about D pextensions of Q p . Therefore step 1 does not require any further computations.
Step 2. Let E/Q p be a D p -extension and let F be the quadratic subfield. We consider the question of how to find a quadratic number field K and a cyclic extension L/K of degree p with completion E/F . Let K be any quadratic number field with a unique prime p above p and for which K p = F (it is easy to see that such a field then the situation is much simpler. To show this, we must first recall the following notation of Bley's paper. Suppose L/K is an abelian extension with Galois group G. LetĜ be the group of linear characters of G, e χ ∈ Q c [G] the idempotent corresponding to χ ∈Ĝ and 
(2) For every χ ∈Ĝ, τ (K, χ) = N f (χ) and this number is a rational integer.
Proof. Our assumption L/Q dihedral implies that the transfer map Gal(L/Q) ab → Gal(L/K) is trivial. Therefore the Galois action formula [11, II. Theorem 7.2] shows that
for all σ ∈ Ω Q and χ ∈Ĝ.
(1) By the definition of e χ ,
Equation (13) 
One easily sees that W ∞ (χ), the infinite part of the root number, is equal to 1 in this case. The Artin root number is inductive; thus
is an orthogonal character and therefore its root number is 1 [17, Corollary 1, p. 124] . To see that τ (K, χ) = N f (χ) is rational, we again apply equation (13) and observe that f (σ • χ) = f (χ) for all σ ∈ Ω Q and χ ∈Ĝ.
In the situation of Lemma 4.4 it is therefore not necessary to generate a number field which contains both Galois Gauss sums and the norm resolvent. This observation simplifies the implementation of the algorithm and makes the computations significantly faster. We applied this result in our modification of the existing implementation of Bley's algorithm (written in PARI/GP). Thus our modified implementation works only for a very restricted class of extensions L/K, namely L/K cyclic of odd prime degree, K real quadratic of class number one, L/Q dihedral, but for such an extension it really either proves or disproves the conjecture. The implementation and a computer readable form of the field extensions used in the following proof are available at http://www.mth.kcl.ac.uk/~breuning/.
Computations. We now show that our restricted implementation of Algorithm 4.1 suffices to prove Theorem 1.1. Afterwards we discuss the difficulties which appear for prime numbers greater than 3.
Proof of Theorem 1.1. By Proposition 4.3 there are six D 3 -extensions of Q 3 and we must first find global realizations of these extensions. All the computations were done with PARI/GP, Version 2.1.4 (cf. [13] ).
Let K = Q( √ 2). Then the completion of K at the unique prime p above 3 is the unramified quadratic extension of Q 3 . Let m = p 2 (5) = (45). Then Cl m ∼ = Z/12×Z/3 with generators g 1 = (7 √ 2−24) and g 2 = (14) for the cyclic components. The extension corresponding to the subgroup H = g 3 1 , g 2 has the properties we want.
Let K = Q( √ 6). Then the completion of K at the unique prime p above 3 is the field Q 3 (ζ 3 ). The proof of Proposition 4.3 shows that the four non-isomorphic cyclic extensions E of K p of degree 3 which are dihedral over Q 3 can be distinguished by checking which subgroup of U In all 6 cases, the global extension L/Q is dihedral; therefore it was possible to apply our implementation of the algorithm, and in all 6 cases the conjecture was validated. This concludes the proof of Theorem 1.1.
Remark 4.5. We conclude this paper with some remarks on the case p ≥ 5. In theory, Algorithm 4.1 can prove Conjecture 2.1 for all D p -extensions of Q. However, at the moment two problems arise when one tries to use the existing implementation of step 3 of the algorithm for primes greater than 3.
First, in our implementation the restrictions on the extension are too strict. For example, there is no real quadratic field K of class number one with a unique prime above 5 such that its completion is the ramified quadratic extension not contained in Q 5 (ζ 5 ) (i.e. case 3 in Proposition 4.3). In fact, by using results from the theory of genera and its refinements (cf. [14, (2.1) and (2.29)]), one easily shows that Q( √ 5) is the only real quadratic field in which 5 ramifies and the class number is odd.
The second problem is that even in those cases where one can find a global extension which satisfies all conditions necessary for the existing implementation, the computations are often extremely slow. The most time-consuming steps are the computational class field theory which is used to find a defining polynomial for the ray class field and the computation of the Fitting ideal in Bley's algorithm.
